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In the case of concrete with compressive strength flc = 30 MPa, in more heavily reinforced 
cross-sections, where tensile reinforcement is higher than 0.01, the ductility index is very low. 
This is because the reinforcement does not yield, even if the ultimate compressive strains are 
greater than in normal-weight concrete. In the cross – sections made of concrete with increased 
compressive strength (flc = 80 MPa), cross-sections lose their plasticity at higher levels of the 
reinforcement ratio. (ρs > 0.03).

5. Internal forces redistribution in the double-span beams
If in any cross-section of the statically indeterminate element or system, the bending 

moment values are not constantly proportional to the loads at every step load, it means that 
the rearrangement of internal forces or the redistribution of the bending moments occurs. In 
the reinforced concrete structures, the main reason for the redistribution of internal forces is 
the increasing change in stiffness due to cracking and reinforcement yielding.

In [1], the coefficient of redistribution, δ, is defined by eq. (3), and the degree of moment 
redistribution, η (in %), is defined by eq. (4):
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where Mred is the moment in the support or span section after redistribution, and Melast is the 
moment in the same section calculated according to the theory of elasticity.

Fig. 8. Beam geometry and the FEM discretization. Source: own study

Numerical analysis of the beams was conducted in OpenSees, an open–source non-linear 
finite element method framework. One-dimensional elements, with three degrees of freedom 
at each end, were used. Bending stiffness in the integration points was calculated based on 
the sectional moment–curvature relationship.

For analysis, the symmetrical two-span beam with a total width of 480 cm was selected. 
The beam was loaded in each span with two concentrated forces at a spacing of 80 cm. The 
cross-section of the element is 40 cm high and 25 cm wide.

Figure 8 shows the beam geometry and the discretization method for FEM analysis.
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moment in the same section calculated according to the theory of elasticity. 

 
Fig. 8. Beam geometry and the FEM discretization. Source: own study. 

Numerical analysis of the beams was conducted in OpenSees, an open–source non-
linear finite element method framework. One-dimensional elements, with three degrees of 
freedom at each end, were used. Bending stiffness in the integration points was calculated 
based on the sectional moment–curvature relationship. 

For analysis, the symmetrical two-span beam with a total width of 480 cm was 
selected. The beam was loaded in each span with two concentrated forces at a spacing of 80 
cm. The cross-section of the element is 40 cm high and 25 cm wide. 

Figure 8 shows the beam geometry and the discretization method for FEM analysis. 
 
 



Tomasz Waśniewski, Ewelina Kołodziejczyk96

Table 1. Summary of the geometrical and material parameters of the beams. Source: own study

Beam
Geometry Reinforcement Concrete
Lspan h b Atop ρtop Abottom ρbottom fy ft fc=flc εlcu εcu Elcm Ecm

m cm cm - - - - MPa MPa MPa ‰ ‰ GPa GPa
B1

2.4 40 25
2#16 0.0044 4#16 0.0088

500 675 30 1.47 3.5 20.5 30.5B2 4#16 0.0088 2#16 0.0044
B3 3#20 0.0138 2#16 0.0044

For comparative purposes, calculations were made for beams made of lightweight 
concrete with a density of ρ = 1800 kg/m3 as well as normal-weight concrete. Three types 
of reinforcement layout were assumed for both materials. Table 1 shows a summary of all 
geometrical and material parameters of the beams.

Fig. 9. Calculated redistribution of the moments in the beam B1. Source: own study

Figure 9 shows the calculated impact of the ultimate curvatures on the moment redistri-
bution and load-bearing capacity of the beam B1. The reinforcement arrangement in this beam 
forces the redistribution of the bending moments from the support to the spans. As we can see, 
the load capacity of a beam with such a reinforcement system is determined by its ability to 
deform the support section, both in a beam made of lightweight or normal weight concrete. 
However, rotation capacity depends on the ultimate compressive strains of the concrete, and 
those for LWAC with a density of ρ = 1800 kg/m3 are twice as low as for the normal concrete. 
At the ultimate curvature of the middle-support cross-section made of lightweight concrete, 
reinforcement does not yield in the span, and the beam’s load capacity is Fu = 148 kN. Degree 
of redistribution at failure is η = 30.7%.

In the case of a beam made of normal concrete, for the ultimate curvature in support, the 
load-bearing capacity of the beam is Fu = 232.2 kN, and the reinforcement in the span starts 
to yield. In this case, the degree of redistribution increases to 47.1%.
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The reinforcement system in B2 type beams is close to elastic – consistent, i.e. that the 
load capacity of the support section will be achieved simultaneously with the load capacity 
of the span sections.

Fig. 10. Calculated redistribution of the forces in the beam B2. Source: own study

In this case (Fig. 10), in both beams, made of lightweight and normal concrete, the rein-
forcement becomes yielding, both in the span cross-sections and in the middle support section. 
The differences between the load-bearing capacities are no longer as large as in the case of the 
B1 beam, and they are respectively Fu = 161.6 kN for a beam made of lightweight concrete, and 
Fu = 174.4 kN for a beam made of normal concrete. The levels of moment redistribution are the 
same, at η = 16%.

Fig. 11. Calculated redistribution of the forces in the beam B3. Source: own study
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In the last analyzed beam B3, the reinforcement was selected to force a strong redistribu-
tion of bending moments from the span to the middle support. Figure 11 shows the calculated 
impact of the ultimate curvatures on the moment redistribution in this beam.

As can be observed, in this case, the load-bearing capacity of the beam is determined 
by the ultimate deformability of the cross-sections in the span. For a beam made of normal 
concrete, the load capacity was Fu = 200.3 kN, and for a beam made of LWAC, the limit curva-
ture of cross-sections in the span allowed to achieve the load capacity Fu = 188.1 kN. The redis-
tribution degrees were 43.3% and 33.1%, respectively. The lower deformability of the sections 
made of LWAC again reduced the redistribution of moments relative to ordinary concrete.

6. Conclusions
The following conclusions can be drawn from the computational analysis of sections 

and beams made of lightweight concrete:
• the ductility of the cross-sections made of lightweight aggregate concrete depends on 

the density of the concrete and associated with it ultimate compressive strains,
• smaller ultimate compressive strains of the LWAC reduces the plastic branch length 

of the moment – curvature relationship; this affects the ductility index,
• the lower the density of lightweight concrete, the greater the ductility index of the 

cross-section,
• tendency mentioned above is more visible for cross-sections with a lower reinforcement 

ratio,
• the limited deformation capacity of the cross-sections made of lightweight aggregate 

concrete limits the redistribution of bending moments in the statically indeterminate 
beams compared to the beams made of normal weight concrete. This is especially 
visible in the beams reinforced in the non-elastic-consistent way (over-reinforced span 
or support cross-sections),

• in some extreme cases, the limited rotational capacity if the cross-section in middle 
support will not allow yielding of the reinforcement in the spans and will strongly 
reduce the load capacity,

It should be said that normal-weight concrete cannot be freely replaced with LWAC 
only taking into account compressive strength. When designing reinforced concrete elements 
made of lightweight aggregate concrete, it is necessary to take into account its limited defor-
mation capabilities and the associated redistribution of internal forces. It is recommended 
that the rotational capacity of the cross-sections in statically indeterminate elements should 
be controlled in each case.
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