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The application example of the sensitivity analysis
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Abstract: The paper presents the dependence between the degree of approxi-
mation of flow property functions and the sensitivity coefficients which are results
of sensitivity analysis of solution to the coefficients of the k-& turbulence model.
It is shown that the model coefficients are factors of derivatives in the set of equa-
tions which describes the k-¢ turbulence model. Because of this fact, when the term
with the given parameter is large enough then the value of this parameter, being
only the factor, has also larger influence on the solution. The numerical research is
preceded by the description of calculation of sensitivity coefficients and their physi-
cal sense. The problem is presented for three tasks of incompressible steady flow
around square and rectangular models with use of the standard and RNG versions
of the k-¢ turbulence model.

Keywords: coefficients of the k-¢ turbulence model, sensitivity analysis, two-
dimensional flow around square and rectangular cylinders.

Nomenclature:

Ca [-] = coefficient of the k-¢ model

Cs [-] - coefficient of the k-& model

C, [-] - coefficient of the k-& model

Cuw [-] = common indication for coefficients of the k-¢ model
I, [%] - turbulence intensity

Py [m?/s] — production of the kinetic turbulence energy

Re [-] = Reynolds number

k [m?/s*] — kinematic turbulence energy

p [Pa] — pressure

u [m/s] — velocity vector

uo [m/s] — inlet velocity

u; [m/s] — value of velocity along the wall

u, [-] - friction velocity

x, [m] — distance between centers of cells adjacent to a wall and this wall

x, [-] - non-dimensional distance between centers of cells adjacent to walls
and these walls

X1, X» — longitudinal and transversal wind tunnel coordinate axes
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& [m?/s?] — dissipation of kinematic turbulence energy

k [-] - Karman’s constant

t: [Ns/m?] — turbulent dynamic viscosity

ok [-] = coefficient of the k-& model

o. [-] — coefficient of the k-¢ model

p |kg/m?| — air density

Subscripts and Superscripts:

m — reference to coefficients of the k-¢ model

~ —indication of the sensitivity coefficient of a flow property
V — Nabla operator

1. Introduction

The sensitivity analysis serves to check the influence of the small changes of
the model parameters on the problem solution. The method is widely applied in
the solid mechanics and often used in a design process. Many papers (comp. [1, 2])
describe the usage of sensitivity analysis for evaluation of influence of geometrical
parameters or materials parameters on the efficiency of industrial processes. The
sensitivity analysis is also applied in the fluid mechanics. This application occurs
more rarely, because the problems met in the fluid mechanics are non-linear ones.
However, in the last years one can find in the literature (e.g. [3, 4]) the sensitivity
analysis as the tool for the design of channels geometry or for research of influence
of a body motion in a flow on properties of this flow (pressure, velocity etc.).

In this paper the sensitivity analysis is used to examine how changing the coef-
ficients of the k-¢ model influences on the calculation results of the flow properties.
The proposal concept of the use of the sensitivity analysis and led out dependen-
cies have been made by the author herself. The results had been presented in the
papers [5-7]. Here are presented the examples of applications of sensitivity analy-
sis, which come from the fact that sensitivity coefficients strongly depend on the
approximation degree of flow properties. The problem is presented for three tasks of
incompressible steady flow around square and rectangular models with use of the
standard and RNG versions of the k-¢ turbulence model.

2. The sensitivity analysis

The sensitivity analysis is a method used to examine the influence of chang-
ing input parameters on the calculation results. In this paper, the sensitivity analy-
sis is used to examine how changing the coefficients of the k-¢ model influences
on the calculation results of the flow properties. For steady incompressible flow
there are the following flow properties: pressure p, components of velocity vectors
u = [u1 uy us]", kinematic turbulence energy k, dissipation of kinematic turbulence
energy ¢ and turbulent dynamic viscosity p. These properties are calculated from
the system of differential equations which consists of the continuity equation, Navi-
er-Stokes equations, and in the case of the k-¢ turbulence model (comp. [8-10]),
the turbulence kinematic energy equation, the dissipation rate of the kinematic
turbulence energy equation and equation of the turbulence dynamic viscosity. Since
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these equations contain semi-emprical coefficients (for example, in the standard
version of the k-¢ model there are the following coefficients C,, Cs, C,, or and o)
the calculation results depend on their values. These relationships are described by
sensitivity coefficients which may be determined from the system of differential
equations obtained after differentiating the equations of the k-¢ model in relation to
the parameter marked as C,.. For the standard version of the k-&¢ model this system
may be written as (comp. [5-7]):

Vi, =0 (1)
p((@,-V)ut(u- V)i, ) ==V p, + fi,, Au+(p+p, ) Ad, )

(i, V) + (- W), ) =

i i . . oP, .
= |V En | (Vh)+ B Ak | VB (VE )+ Bk, + o, 40 (3)
o, o, o, o, ocC,,
- <\ | [y 0 -
p((um-V)s—F(wV)em)— Vv ~(V€)—|——A6—|— V= -(V€m>+
ag_ O'8 05
My A e OB pRC,—2pc . pRC.e—pe -
+—AE, +pC,— + En— ky + G 4
O'k m p el k 8Cm k m k2 q ( )
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where Gim, gon and g are the terms which are located on the right-hand side and
their relationship to each parameter is described with the following formulas:

e for the C,; parameter

3
9 =F+ (6)

e for the C,, parameter

2
9

qu = _p7 (7)

e for the C, parameter

kZ
Qs =P (8)
e for the o, parameter
Hy Hy
Qpa = — vg_/f '(Vk)fgz Ak )

e for the o, parameter

qu =

v“—;]-(w)—i;m. (10)

o; o
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Sensitivity coefficients may be calculated from the set of Eq. (1-10), but in this
paper they are evaluated on the basis of the following formula:
A (11)
m ACm
where wy, w, are the results of calculations of the flow problem at C,,-AC,,/2 and
Ct+AC,/2, respectively. The discussion of choosing values of AC,, and the influence
of these values on the results of the sensitivity analysis is presented in the paper [6].

It is shown above that the model coefficients are the factors of derivatives in
the set of equations which describes the k-¢ turbulence model. Because of this fact,
when the term with the given parameter is large enough, then the value of this
parameter, being only the factor, has also the larger influence on the solution. If
we analyze problems with the same degree of the approximation of the function,
then the larger sensitivity means larger computational errors, because it shows areas
with the largest gradients of the flow property function. If we have various orders
of approximation of the function, then the largest sensitivity will show us the best
of the applied methods of approximation. The more exact approximation usually
produces larger values of the derivatives of flow properties and their sensitivity to
the parameters of the model. And therefore the results of sensitivity analysis can be
applied to:

e show the influence of the k-¢ model parameters on the results of calcula-
tions,

¢ determine the area with the largest errors,

e check quality of solutions and approximation methods,

e research the quality of FVM (Finite Volume Method) meshes.

3. The numerical analysis

3.1. The numerical model

In order to confirm relationships described above the sensitivity analysis for
a few tasks is presented in this paper. To determine the sensitivity coefficients on
the basis of Eq. (11) the calculations results obtained from the FLUENT commercial
software at two values of the model coefficients are used. The calculations have been
made for the following problems:

e model No 1 - the square is located in free flow (Fig. 1), the edge dimension
is equal to D = 0.04 m, the inflow velocity is constant #, = 10 m/s and the
turbulence intensity I, = 0.7%,

e model No 2 - the square is placed at the ground (Fig. 2), the edge dimension
is hy = 0.06 m, the turbulence intensity I, = 9.5% and the inflow velocity is
described by the following formulas:

0.2

x
2| forx, <0.2m,

u (x,)= 19.7m/s[h

s

u, (x,) = 25m/s for x, > 0.2m, (12)
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e model No 3 - the rectangle is placed at the ground (Fig. 3), the height of
the model is h, = 0.4 m, the width is a = 0.2 m, the turbulence intensity is

I, = 6.0% and the inflow velocity is described by following formulas:

X

u (x,)= 9.67m/s[0'5h

'y

0.15
] for x, <0.25m and

u, (x,)=10m/s for 0.25m < x, <1.17m.

1.17m < x, <1.42m

%wlocl inlet ua velocity inlet Outflow
—»—»—»—»—»—»—»—»;‘—»—»—»
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U, velocity inlet U,
Fig. 1. The computational domain for model No 1.
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The first and the second problems have been calculated by using the standard
version of the k-¢ model with the following set of turbulence model coefficients:
Ca=1.44,C,=1.92,C,=0.09, o, = 1.0, .= 1.3. For the third task the calculations
have been made with use of both the standard and RNG versions. The model coef-
ficients for the RNG version are equal to C,; = 1.42, C,, = 1.68, C, = 0.0845.

The aim of the paper is to show that the sensitivity coefficients depend
on the degree of task approximation. To receive different degrees of approxima-
tion for single model, the calculations for the same grid, but different kinematic
viscosities have been performed. Thanks to the such formulation of the problem
the flows with different gradients are obtained and we are avoiding the impact of
differences between solutions caused by, for example, the numbers of iterations or
the demanded level of convergence. The second way to obtain the differences in
the values of gradients around the walls has been the application of the standard
boundary layer model. For this model in the Fluent software the velocity u; along
a wall is described by the following formulas ([10-12]):

i = for X <11.225
X

u :lln(Ex:)forll.225§x: (14)
R
The terms from above equations are described by relationships:

e friction velocity

u, = x, for11.225> x,

u, :lln(Ex;) for11.225 < x; (15)
K

¢ non-dimensional distance of centers of cells adjacent to walls

PG, e
n u
The dissipation of the turbulent kinetic energy is calculated from the equation
[11]:
/4 1.3/
€: CZ 4k3 2
x, (17)

This model of the boundary layer is applied in the first row of cells adjacent
to walls only, and therefore, non-dimensional distance should be kept in the range
x, €(30;60). If the distance x, is smaller than proper one the flow properties are
described by wall functions in too narrow areas of calculation domain adjacent
to the wall. It causes simplification of the functions of flow properties, and next,
significant reduction of the gradients of flow properties. On the other hand, for
too big distances x, and too big sizes of mesh cells the functions describing flow
properties are also simplified by using too coarse mesh. It comes from the fact the
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gradients of flow properties are not calculated on the basis of exact derivatives of the
function but they are calculated on the basis of numerical methods with correctness
dependent on the mesh density. The gradients of the flow functions have significant
influence on the sensitivity of flow properties to the turbulence model coefficients,
but the sensitivity values also depend on other parameters, the errors of calculations
in particularly. Hence, sometimes the similarly high sensitivity is obtained for two
tasks: one of these tasks with mesh with the correct non-dimensional distance x,
and the other task with this parameter only close to the proper value. But this fact
just confirms the statement that the quality of a FVM mesh around a wall has the

most significant influence on the sensitivity coefficients and vice-versa.

Table 1.  The x: value for model No 1.

Re U X, No. of volumes
[/] [Ns/m?] [/]
2.7-10? 1.7894-10° 1.0 6440
2.7-10° 1.7894-10* 4.9 6440
2.7-10* 1.7894-10°% 47.0 6440
2.7-10° 1.7894-10°¢ 470.0 6440
2.7-10°¢ 1.7894-107 4700.0 6440
Table 2. The x: value for model No 2.
Re U x, No. of volumes
[/] [Ns/m?] [/1
1.0-10% 1.7894-102 0.3 7830
1.0-10° 1.7894-10°3 2.4 7830
1.0-10* 1.7894-10* 5.0 7830
1.0-10° 1.7894-10° 50 7830
1.0-10° 1.7894-10¢ 490 7830
1.0-107 1.7894-107 4970 7830
Table 3.  The x, value for model No 3.
X x:
Re H the stanndard the RNG No. of volumes
version version
[/] [Ns/m?] [/] [/]
2.2-10? 1.7894-10 1.08 1.01 77275
2.2-10° 1.7894-10°3 5.0 3.96 77275
2.2-10* 1.7894-10* 41.5 16.3 77275
2.2-10° 1.7894-10° 548.3 143.0 77275
2.2-10° 1.7894-10°¢ 3369.0 1929.8 77275

Tables 1, 2 and 3 contain values of the non-dimensional distances x, for
analyzed tasks. The proper values of x, are bolded in the tables. Since the proper
value x, has not been obtained for the RNG method used for model No 3, the adja-

cent values are treated as close to proper ones.
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3.2. The calculation results

The results of the sensitivity analysis are sensitivity coefficients. The calculation
results, which are presented in this paper, have been calculated from Eq. (11) with
the following increase of the model coefficients: AC,; = AC» = Aok = Ac, = 0.01 and
AC, = 0.001. The numerical calculations have been made with use of the commer-
cial software Fluent. The different values of tolerance of calculation divergence have
been applied in each of the tasks.
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Fig. 4. The fields of the velocity sensitivities for model No 2.

The tasks for model No 1 and No 2 have been calculated with the best possible
tolerance of the calculation convergence. The calculations for model No 3 have been
performed at the same tolerance equal to 5-10*. The exemplary fields of the sensi-
tivity coefficients for model No 2 are shown in Fig. 4. As shown in Figure 4, behind
the square, where the vortex is formed and the velocity gradient is large, the velocity
sensitivity to the model coefficients is greater than in areas with almost constant
values of velocities.
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Figure 5 presents the graphs of velocity sensitivities to all coefficients of the
standard k-¢ model behind model No 1 at xi/D = 4.0. The biggest sensitivity is
usually obtained for the Reynolds number equals 103-10%. It should be noted that
the task with Re~10*result with the proper value of non-dimensional distance in
the boundary layer which gives the proper mesh around the square. The task with
Re~10° has similar sensitivity of flow properties to the model coefficients, but as it
has been previously explained, sometimes for the non-dimensional distance x, close
to proper value the big values of sensitivity are caused by nearly proper discretiza-
tion of the problem and by the errors of calculation. Of course, the quality of the
mesh has significantly bigger influence than the errors of calculations.
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Fig. 5. The graphs of the velocity sensitivities behind model No 1 at x,/D = 4.0.
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Figures 6 and 7 present graphs of the velocity and turbulence kinetic energy
as functions of the coefficient C, for model No 2. Here, the proper value of non-
dimensional distance is obtained for Reynolds number equal to 10* and 10°. For
this exercise, the tendency of the bigger sensitivity for the better FVM mesh is kept,
but in graphs of the sensitivities of turbulent kinematic energy the disturbances of
these relationships are visible. The flow parameter sensitivities for Reynolds number
bigger than 10* are similar, but for the cross sections at x1/h; = 2.0 the biggest values
of the sensitivity are obtained for Re = 107.

The sensitivities of flow properties to the model coefficient C, do not clearly
show the dependence between the quality of the mesh and the sensitivity because
this coefficient is not the multiplier of the gradient of flow properties. It is the multi-
plier at ratio square turbulence kinetic energy and its dissipation. On the other hand
the bigger sensitivity for higher Reynolds numbers can be caused by bigger errors of
calculations. If the errors are too big the analysis of the quality mesh can be difficult
or, for many cases, impossible.

Figures 8-11 show the flow property sensitivities together with the compari-
son of own measurement at Re = 2-10° and calculation results for model No 3. The
setup of measurement and their results are described in the papers [13] and [14].
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Fig. 11. The graphs of the velocity u, and its sensitivities to C,; and C,; behind model No 3 at
x1/h, = 2.0 obtained from the RNG version of the k-& model.

The comparison of flow property sensitivities obtained from standard and
RNG versions confirms that the sensitivity is bigger for calculation with bigger
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errors. It is well known that the RNG version gives smaller calculation errors. Here,
it is also visible that the results of calculation for the RNG method are closer to
measurements than results for the standard version and simultaneously the sensitiv-
ity coefficients are smaller for the RNG version. It confirms thesis that at the same
approximation of flow properties the bigger sensitivity occurs for bigger errors of
calculations.

It is worth remarking that areas of high gradient coincide with areas of high
sensitivity. This may be seen at ground and around objects in all figures.

For model No 3 the used meshes are treated as the best for Re = 10* for the
standard version and close to the best mesh for Re = 10* and Re = 10° for the RNG
method. It comes both from non-dimensional distances of the centers of cells adja-
cent to walls being proper and from the comparison of calculations and measure-
ments results.

The graphs of sensitivity coefficients shown in Figures 8-11 as in the former
figures, keep the tendency of bigger sensitivity for better meshes of calculation
domains.

3.3. The discussion of results

The simple dependence between Reynolds number and sensitivity cannot be
noticed in Figures 5+10. The change of the sensitivity is connected with the correct-
ness of the flow properties approximation and with the quality of the mesh. The
bigger sensitivity means better approximation of the flow properties and it is clearly
seen for the components of the velocity. The better approximation of the flow prop-
erties is obtained for the better mesh. In other cases the meshes are too coarse at
bigger Reynolds numbers or too dense at smaller Reynolds numbers. The sensitivity
decreases for more coarse meshes because non-linear functions are ,,straightened”
as the result of the incorrect approximation. Too dense mesh causes the velocity and
other flow properties to be described by correct curvilinear functions only in small
part of the boundary layer. In other parts they are assumed as constants in cells,
and it also reduces the gradients in boundary layer. The variable x, in the Fluent
software is used to calculate the thickness of laminar sublayer near the wall, and
so it determines the profile of the velocity function. The one-order growth of the
Reynolds number causes the one-order growth of the x, distance. In the case of too
large non-dimensional distance value the viscosity layer of the flow is too wide and
in the case of too the small number x, it is too narrow. In effect velocity values in
the boundary layer are incorrectly evaluated.

Each thesis of this paper is confirmed, but in graphs there are also areas with
the biggest intensity for the non-proper mesh. The explanation of this situation may
be the fact that in calculation domain there are regions with the proper mesh and
the regions with the worse one. The next explanation are possibilities to obtain the
bigger calculation errors for areas with high gradient of flow properties and hence to
obtain bigger sensitivities which are not connected with the level of approximation.

4. Conclusions

The paper presents the results of sensitivity analysis of solutions to coefficients
of the k-¢ turbulence model and the relationship between the degree of approxima-
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tion of flow properties functions and values of sensitivity coefficients. It seems that
this dependence can be useful, for example, to test the quality of the FVM mesh. It
is shown that if several meshes of the finite volume method are made and next the
sensitivity coefficients are calculated, then for the given Reynolds number the better
mesh gives the bigger sensitivities.
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