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Abstract: In this paper the application of the Extended Finite Element Method 
(XFEM) to anticipate change of the behaviour of composite with complex internal structure 
after use of the admixtures was presented. The response to mechanical loadings of bent 
beams made of hydraulically bonded mixture with rubber admixture was considered. The 
impact of the rubber granulate on the value of fracture energy was analysed. Moreover, the 
influence of an interfacial transmission zone quality on the achieved effect was assessed. 
Calculations were conducted by means of the muli-scale numerical model which was built 
in ABAQUS finite element method environment. The results derived indicate beneficial 
effect of rubber granulate on fracture energy of hydraulically bonded mixture.  
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1. Introduction 

The Hydraulically Bonded Mixture (HBM) is the material with complex internal 
structure. The filling effect of rubber granulate is influenced by many factors. The most 
important of them are:  

 the mechanical properties of used rubber [1],  
 the elastic properties and toughness of interfacial transmission zones (ITZ) be-

tween the rubber and cement matrix [2],  
 the type of composite matrix [3],  
  the shape of grains of used admixture or additive [4]. 
Laboratory tests are one of the ways to analyse the effect of the used additive on the 

apparent properties of the composite. Studying the correlation between the individual 
properties of the components and achieved equivalent properties of composite requires 
conducting many tests and to employs large amounts of often costly specimens. The time 
spent on laboratory tests and their cost can be reduced by developing virtual testing tech-
niques. The virtual test can be conducted using the multi-scale numerical models which are 
able to reflect the real internal structure of the composite [5], [6]. Contemporary research 
techniques such as microtomography [7], scanning microscopy, mercury porosimetry and 
microhardness tests [8] allow to build accurate numerical models of concrete with internal 
structure mapping. Thanks to the use of material numerical models it is possible to find the 
relationship between the apparent properties of composite and e.g. shape of used compo-
nents as well as to explain some processes such as the effect of porosity on water permea-
bility [9]. The virtual tests can help to determine the impact of the particular ingredients and 
they can be essential in taking the right path in designing process of cement-matrix compo-
sites. The results derived in this way will allow narrowing down the range of the necessary 
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experimental tests. Therefore, the example of simple multi-scale model of HBM was 
presented in this paper. This model allows assessing the change of apparent properties of 
HBM after application of rubber fine admixtures. 

2. Mechanical properties of HBM constituents 
2.1. Elastic properties of rubber 
In this paper the hyperelastic model (Monney-Rivlin) of rubber in which used linear 

relationships of strain tensor invariants I1 and I2 was assumed. The strain energy potential U 
can be expressed as following: 
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The values of material constants C10 = 8.601 and C01 = 1.805 are based on [10], thus 
the incompressibility of rubber was assumed as following D1 = 0. Jel is the ratio between 
the total volumetric strain and the volumetric strain caused by temperature changes. 

2.2. Properties of rubber-cement matrix interfacial zones 
The rubber-cement contact properties were analysed in [11]. The relation between co-

hesive properties of the rubber-cement matrix interfacial layer and the critical force which 
lead to splitting the rubber-cement coupling is a complex issue. The discrepancies between 
the obtained destructive force and the force calculated on the basis of classical fracture 
mechanics are high due to the high incompatibility of elastic properties [12]. Therefore the 
test results presented in the [11] do not allow for easy determination of the correct tough-
ness or critical stress intensity factors of rubber-cement interfacial zones for numerical 
modeling. For this reason the auxiliary numerical model was built. This model, shown in 
Fig. 1 reflects the conditions of laboratory tests conducted in [11]. It has been used to assess 
proper characteristics of cement-rubber ITZ that can be applied in meso-scale numerical 
model of HBM with rubber admixture (HBM+G).  

 
Fig. 1. Geometry and boundary conditions of auxiliary cement-rubber coupling numerical model  

In presented auxiliary model the initiation of crack is determined by maximal princi-
pal stress criterion. The crack propagation process is described by linear cohesive law. In 
the case where the rubber-cement contact was the strongest in [11] the critical force 



Numerical modelling of hydraulically bonded mixture with ... 97

achieved value Pint = 286.8 N. In the numerical model the closest value Pint = 283.417 N 
was derived for critical stress equalled 0.9099 MPa. The value of fracture energy was 
assumed 0.02 N/m so as to reflect the brittle mode of damage of considered contact. 

2.3. Composite matrix properties 
In this paper the internal structure of composite matrix has been simplified. It was 

modelled as isotropic body with pores. The pores radius was equal to 0.7 mm. The prelimi-
nary laboratory tests of HBM has determined apparent modulus of elasticity Eeq = 15.9 GPa 
and porosity about 12%. To determine the matrix properties, which are necessary for the 
multi-scale model of HBM the auxiliary model was built (see Fig. 2). The model thickness 
was assumed 10 mm while the distance between points G and D was equal to 32.542 mm. 

 
Fig. 2. The auxiliary model to determine the HBM matrix properties 

By using this model the compression virtual tests were performed. The modulus of 
elasticity of matrix was tuned so that the apparent modulus of elasticity Eap of the material 
determined by following equation were equal to Eeq: 
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According to Fig. 2 UG and UD are displacements of point G and D. The obtained 
property of the matrix modulus of elasticity was equal to Em = 22.5GPa. Poisson ratio of the 
matrix was assumed to be equal to 0.29. 

2.4. Geometry of multi-scale model 
The geometry and structure of multi-scale numerical model of HBM is shown in 

Fig. 3. The thickness of beam was assumed to be equal to 30 mm. Beam span to beam 
height ratio was maintained as recommended in crack resistance tests [13].  
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Fig. 3. The HBM beams multi-scale numerical model structure  

In order to reduce the computational time, the model was divvied into three main are-
as where different scales of material description were used. The macro-scale zone was 
modelled as linear elastic and isotropic area with properties assumed on the basis of prelim-
inary laboratory tests E = 15.9 GPa, ν = 0.29. The meso-scale zone was modelled according 
to point 2.3. Moreover in the cases where the pores were filled by rubber the ITZ zones 
with thickness 0.1 mm were modelled. They have reduced elastic properties with respect to 
matrix of composite due to the local increase of water to cement ratio. It results in the 
increased porosity of hardened cement paste in ITZ and the decrease of mechanical proper-
ties. The modulus of elasticity in ITZ zones was assumed EITZ = 15 GPa and Poisson ratio 
νITZ = 0.3. In the meso-scale zones where the cracking is impossible all constituents have 
assigned elastic mechanical properties. The mesh of finite elements in these zones is shown 
in Fig. 4A.  

 
Fig. 4. A) The mesh of finite elements in regions far from expected cracking B) The mesh of finite 

elements in regions near expected cracking 

The detailed construction of the model containing rubber crumbs in the zone near ex-
pected fracture is presented in Fig. 5. The ITZ zone has the discontinuities as real ITZ so as 
to simplify the calculation process. In each of the emptiness the initial crack with length 
0.2 mm was modelled to reflect real imperfections in the material.  
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Fig. 5. Detailed construction of the single rubber crumb with ITZ layer in HBM matrix and initial cracks 

The left semicircle of ITZ with matrix and rubber coupling was realized using TIE con-
straints which link all degrees of freedom of the corresponding nodes. The right semicircle of 
ITZ and matrix coupling were modelled in the same way. The right semicircle of ITZ with 
rubber coupling has the cohesive properties according to point 2.2. The nodes of ITZ belong-
ing to the contact were set as MASTER and corresponding nodes of rubber as SLAVE due to 
this fact the mesh of rubber part is four times denser than mesh of ITZ (see Fig. 4B). 

The length of initial crack in the beam was assumed close to 1/3 of the beam height 
(Fig. 6). The pores crossed by initial crack were not filled by rubber crumbs. The initial 
crack of the beam was modelled by duplicating the nodes lying on its path as it is presented 
by thick line in Fig. 6.  

 
Fig. 6. The initial crack in the considered beams 

The matrix cracking and ITZ is determined by maximal principal stress criterion, the 
angle of crack propagation is determined by maximal tangential stress [MTS] criterion. The 
effect of cohesive zone in concrete is taken into account by linear cohesive law. In these 
model the critical stress of the matrix was assumed as following mat

Ic  = 1.8 MPa, the 
fracture energy was assumed G = 3 N/m. Values of fracture parameters are close to real 
properties of HBM but have exemplary character. 

3. Results of conducted analyses 

In present paper 3 cases were considered: 
 HBM without rubber additives, 
 HBM with rubber admixture (HBM+R), 
 HBM with rubber admixture, without ITZ zones. 
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The filling effect of pores by rubber particles was discussed in [14]. The Fig. 7 pre-
sents the maximal principal stress distribution in the fragment of the considered beam 
during the cracking process. The huge difference of the elastic properties between ITZ and 
matrix makes the ITZ slightly loaded. The damage of ITZ-rubber coupling takes place after 
damage of the particular piece of matrix due to the high deformability of rubber which is a 
beneficial phenomenon. This fact also coincides with the observation made during experi-
mental tests. 

 
Fig. 7. ITZ-Rubber coupling damage process 

The relation of loading force Pb to middle span point displacement δb derived for 
beam made of HBM+R is shown in Fig. 8. For comparison the same relation for beam 
made of HBM was included. Both beams indicate the same response to applied loadings in 
linear elastic range. Differences appear when the critical value of the loading force max

bP  
was reached. In the case of beams with pores filled in with rubber max

bP  reaches slightly 
higher value. At further stages of loadings the differences are clear. In the beams made of 
HBM+G the forces remain at a higher level.  

 
Fig. 8. Comparison of the mechanical response for beams made of HBM and HBM+G in 3-point bending 

conditions 

The analysis of bending beam made of HBM+G without ITZ was conducted to 
demonstrate the effect of ITZ quality on the beam response. In order to avoid the numerical 
errors caused by using different finite element meshes the numerical model was modified 
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only by setting as equal to Em. In meso-scale (Fig. 3) these parameters were equal to proper-
ties of the composite matrix. In the present case the noticeable increase of the force used to 
destroy the beam can be observed. However, the post-destructive response remains un-
changed as shown in Fig. 9.  

 
Fig. 9. Mechanical response comparison for beams made of HBM and HBM+G without ITZ in 3-point 

bending conditions 

In table 1the results of conducted virtual bending tests were collected. The relative 
changes of critical forces max

bP and fracture energy G in considered cases were calculated as 
following: 
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Where HBM subscript means properties of pure HBM and 2 subscript means a prop-
erty for one of the considered cases of HBM with rubber admixture. For HBM+G the 1% 
growth of max

bP and the fracture energy increase of 2.3% with respect to pure HBM were 
achieved. Better results were obtained by taking into account the ideal properties of ITZ 
zones i.e. 2.6% increase of the max

bP  and 3.7% increase in fracture energy with respect to 
pure HBM. 

The fracture energy G was determined as the area under Pb(δb) relation divided into 
the cross section area split during the test: 
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Table 1. Results of conducted virtual tests  

Material max [N]bP  Gu [N/m] Δp [%] ΔG [%] 

HBM 134.982 2.096 - - 
HBM+R 136.266 2.144 0.951 2.290 

HBM+R (perfect ITZ) 138.528 2.174 2.627 3.721 

The results derived in discussed meso-scale model confirm that by using rubber 
crumbs admixture the fracture energy of HBM can be increased. 
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4. Summary and conclusions  

In present paper the meso-scale model of hydraulically bonded mixture was present-
ed. The effect of filling pores in this mixture by rubber crumbs was analysed. The virtual 
test conducted by means of the meso-scale numerical model showed the increase of critical 
force by 1% and the increase of the fracture energy by 2.3%. Moreover, the effect of 
interfacial transmission zone quality on achieved results was analysed. In case of good 
properties of the ITZ the increase of critical force by 2.6% and the increase of the fracture 
energy by 3.7% were achieved. These observations lead to the conclusion that the interfa-
cial transmission zones between the rubber and cement matrix are of great significance in 
apparent properties of composite. Thus, this fact should be taken into account when design-
ing the hydraulically bounded mixtures with rubber additives. 
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