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Abstract. The article considers the issues of using control charts to detect the disruption of the technological process. The possible influence
of measurement error on the correctness of decisions is considered. To ensure the statistical reliability of the decisions made, their plausibility,
a priori probability is used. The effectiveness of assessing the compliance of the technological process with established standards is discussed,
when the distributions of possible values of its parameters and errors of their measurements are uniform.
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STATYSTYCZNA WIARYGODNOSC DECYZJI
O WADLIWOSCI KONTROLOWANEGO PROCESU

Streszczenie. W artykule rozwazono kwestie wykorzystania kart kontrolnych do wykrywania zaklocen procesu technologicznego. Uwzgledniono mozliwy
wplyw bledu pomiarowego na poprawnosé podejmowanych decyzji. Dla zapewnienia statystycznej wiarygodnosci podejmowanych decyzji wykorzystuje si¢
ich prawdopodobienstwo a priori. Omowiono skutecznos¢ oceny zgodnosci procesu technologicznego z ustalonymi standardami, gdy rozklady mozliwych

wartosci jego parametrow i bledow ich pomiarow sq jednorodne.

Stowa kluczowe: statystyczna wiarygodno$¢ decyzji, bledne decyzje, kontrola jako$ci, ocena zgodnosci, bledy pomiarowe, prawdopodobienstwo a-posteriori

Introduction

In production, the random nature of destabilizing factors
leads to the dispersion of values of characteristic parameters
of products. The deviation of a parameter from its nominal value
is determined by random errors in production, which, under
a certain scheme of the technological process, are characterized
by a specific theoretical law of distribution of possible values.

For many years, there was only one, albeit very expensive,
way to ensure product quality, which was based on checking
the inspection of finished products for compliance with
specified/established standards. The objectives of this approach
are to divide products into those suitable for performing the proper
functions or unsuitable, that is, to reduce the risk of further use
of non-conforming products.

By comparing the characteristics or indicators of its properties
with pre-established requirements in the form of standards,
the essence of conformity assessment is to obtain initial
information about the actual state of a given object [1].

Walter Shewhart, later a well-known consultant and specialist
in the field of quality management, proposed the idea of managing
technological processes to prevent the occurrence of product non-
conformities with standards. For this purpose, he developed
a simple tool based on the methods of probability theory
and mathematical statistics. It made it possible to maintain
the technological process in a statistically stable state
and thereby prevent the occurrence of product non-conformities
with standards. This tool, called Shewhart control charts [3],
gave rise to a new concept of quality assurance. This concept
is based on that quality should be created by the production
process, and not by checking its results. In this sense, it is always
too late to control, because the identified non-conformity
is already an event that has occurred and cannot be prevented.
But it is possible to prevent the occurrence of non-conformity
if proactive management of process characteristics is carried out,
i.e., controlled.

Standards are set or selected (calculated) based on the
functional purpose of the object. Conformity assessments
are carried out to establish the actual state of the object,
i.e. its compliance with the standards [8].

The initial information used to assess compliance is a priori
probabilities based on facts that have been confirmed over time.
The facts can be evaluated based on established knowledge
about the problem being modelled. The a priori probability
of conformity assessment is the initial information in the design
of information and measuring systems. It is associated with

the parameters of the distribution law of possible
values of the object (or its parameters), which depend
on the characteristics of the technological process. A measurement
procedure, which is known to be error-prone, is used to obtain
data on the progress of the process. When measurement errors
are insignificant, the state of technological process is reflected
by the results of control and measuring operations. In this case,
erroneous decisions are absent.

The monograph [3] examines issues related to the influence
of systematic additive measurement error, if it does not arise
in the production process. When determining the so-called
empirical control limits, it is assumed that the presence
of a constant error can be considered when calibrating the control
charts (CC). When an additive error occurs during working control
and measuring operations, this leads to a shift in the distribution
law of possible values in relation to the control (normative)
values of the characteristic parameter of the technological process.
Therefore, erroneous decisions about the disorder of the process
may occur.

The first author of this work, Prof. Dr. Ye. T. Volodarskyj,
about the 2010 year initiated the research direction covering
the development of methods for assessing the reliability
and accuracy of the continuous production process control.
In this control, measurement systems with different types
of control cards are used. Together with metrologists
from Ukraine and Poland, are developed a total of over
60 publications wusing the current statistical approach
to measurement errors and their uncertainties. The topics
of four these works [10-13] are briefly discussed below.

The criteria for identifying the presence of a measurement
error that can occur during process control are examined
in the article [12]. Sequences of control points and their locations
within the control boundaries were identified, which allows
identifying the impact of measurement errors at the initial stage
of process upset. The next step in increasing the reliability
of process control is to consider the impact of not only the additive
but also the multiplicative component of measurement errors
during CC calibration.

In works [10, 11, 13] analysed is the probability and nature
of erroneous decisions with a real characteristic of measurement
transformation. Methods aimed at increasing the reliability
of the decisions made are considered.

The a priori probability of erroneous decisions during control
is obtained under the assumption that one of the possible events
may occur. The use of the approach proposed by Bayes is based
on that, the event has already occurred and thereby reduces

artykut recenzowany/revised paper

D

IAPGOS, 1/2025, 5-9

This work is licensed under a Creative Commons Attribution 4.0 International License.
Utwér dostepny jest na licencji Creative Commons Uznanie autorstwa 4.0 Miedzynarodowe.



6 IAPGOS 1/2025

the number of events that could lead to such a result by 2 times.
This allows increasing the statistical reliability of decisions
made [4, 5].

Considering biased results, correcting decision errors,
reproducing the general population and finding the probability
of a true positive result are the main advantages of using
the Bayesian approach [2]. The Bayesian approach is used
to estimate the probabilities of events using additional data from
an experiment. It describes a probability of an event based
on past (a priori) knowledge of conditions under which an event
may occur. The probability of the cause of the event could
be calculated based on the information that the event occurred.

1. Possible results of the technological process
control

The values of the controlled parameters will differ from
the nominal values and will vary from object to object (process)
due to production errors and the influence of destabilizing
factors that cannot be identified and considered. This means
that the values of the controlled parameter that characterize
the conformity with the standards are the implementation
of a random variable, i.e. the possible values of the controlled
parameter [6]. Depending on the use, the characteristic parameter
by which the state of the object (process) is determined is subject
to limit values x; and x,. To determine whether the objects
comply or do not comply with the standard, a conformity
assessment procedure is carried out [7].

Due to the random errors of the measurement devices,
the evaluation of the results can show the suitability
or unsuitability of the controlled object (CO) or process
for further use. Thus, the article will consider the following
elementary events describing possible actual states of the CO
and possible control results:

e A —real state of a CO that conforms to the standard,
e B - result of control procedure that CO is suitable.

As shown in the Table 1, there are four possible variants

of complex events.

Table 1. Possible variants of complex events

suitability
B B
o | A| AB AB
Q
=}
S
=
£
Q — -
° | 4| 4B AB

These events are incompatible in pairs. They form a complete

group. The probability of their occurrence is equal to one, i.e.:

+,P,=P(AB)+P(AB)+ P(AB) +P(AB) =1 (1)

There are decisions which correspond to the probability:

e P(AB) — the probability of a true state — CO complies with
the standards,

. P(ﬁ) — the probability of a true state — CO does not comply
with the standards,

o P(AB) - the probability of a false alarm,

o P(AB) - the probability of an undetected alarm.

Under conditions where mistakes can be made, values
of characteristic parameter x are used to assess compliance.
The decision on the possibility of using CO for its functional
purpose is based on the measuring result z:

z=x+y )
where: x is the characteristic parameter of the CO; y is the random
measurement error (possible values).
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Each complex event's probability (Table. 1) is equal
to its unconditional likelihood multiplied by its conditional
probability, assuming that first event occurs [4]. Consider
the plausibility of the result of conformity evaluation "unsuitable"
B. It appears under the circumstances [8] given below.

e The object meets standards A (technological process (TP)
is in a controlled state). However, after measurement,
the result incorrectly indicates non-compliance with standards,
causing a false alarm (failure). The probability of this complex
event is written as:

P(AB) = P(A) - P(B/A) ©))

e There are no incorrect decisions: the object does not actually
meet the standards, and the evaluation result is not suitable B,

correctly reflects its functional state. The probability
of this event is:

P(4B) = P(A) - P(B/A) @)
With the help of Bayes' formula, we can calculate

the probability (confidence) of the false alarm that the true
state is A but the decision has been made B is described
by the formula [2]:

P(AB) _ p(A)-P(B/A)
AB)+P(4B) ~ P(A)-P(B/A)+P(A)-P(B/A)

P(A/E):P( (5)
where: P(A/B) is the confidence in the obtained result B
(@ posteriori probability of plausibility of the decision
on unsuitability); P(A) is the probability that the object complies

with the standard; P(B/A) is the conditional probability
of deciding on the unsuitability of the CO, while it complies
with the standards; P(A)-P(B/A) is a priori probability
of a false refusal (alarm); P(A) - P(B/A) is a priori probability
of making the correct decision on the unsuitability of the CO.

The absolute a-priori probability of getting a wrong decision
(3) on non-compliance is in the numerator of (5). Denominator
is sum of probability of complex events leading to decision B
unsuitable. Thus, what proportion of the incorrect decision
"unsuitable” remains in the accepted decision B is indicated
by the probability P(A/B). It is a confidence level.

Control charts are widely used to assess the conformity
of a TP to specified/established standards [15]. Provided
that the technological process is in a statistically controlled state,
the nominal value of the characteristic parameter is assumed
when constructing the CC [7]. This value is the centre line CL
on the graph. The nominal value is either reproduced
or calculated. Relative to CL are the upper UCL and lower LCL
limits. These are called action lines. These lines are assigned
the limit values of the permissible deviation x; and x,
of the characteristic parameter of the CO from the nominal value,
the so-called limits of the tolerance interval. Conformity
of the CO with the specified standards is proved by the presence
of a characteristic parameter within the tolerance interval [14]:

X <x<xy (6)

If the process characteristic exceeds the tolerance interval
an "alarm signal" will be generated, indicating that the TP
has a non-random influence [16]. The above is the way to use
the CC. It is necessary to measure the characteristic parameter
of the process before applying control points to the CC [9].
The random error y affects the measurement, which is why (2)
can be in the nonconformity zone, for example. This leads
to a false alarm.

The probabilities of complex events (1), considering
the influence of the measurement error (2) and the maximum
values of the permissible deviation (6), characterizing the possible
states of the CO and the corresponding control results [6]:

e CO meet the standards, and the control result is suitable:

PAB) =P[(x; <x<x,)N(x; < z<1x,)]
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e CO does not meet the standards and is unsuitable:
P(AB) =P[(x<x]Ux>x,DNn[z<x]Ulz>x]]

e CO does not meet the standards and is suitable:

P(ZB) =P[(x<x]ulx>x,DN(x<z<x)]
e CO meets the standards and is unsuitable:

P(AE) =Pl <x<x)N(z<x]Ulz>x,]D]

The possible situation near the upper control limit x,, (Fig. 1)
will be considered in the next part.

‘ X
x \ 'u
ucL  , " |g
x 'u
a v
A
LCL
X, H
]
P(A) -

Fig. 1. Introduction of additional control boundaries

2. False alarm event probability

In the case of a false alarm, the value of the characteristic
parameter complies with the standards, i.e. relation (6) is fulfilled,
but based on the measurement results a decision is made that
the CO does not comply with the standards and its probability is

P(4B), =Plln<x<x,)0(z>x)] ™

Due to the dependence of the measurement result on the CO
parameter (2), the events on the right side of expression (7)

are dependent. We replace z in expression (7) with its definition
from (2) to use the independent events. The probability of a false
alarm is represented by the expression:

P(AB)

Convolving |ndependent variables was done. The false
rejection is caused by the fact that during the measurement
the true value of the parameter x, which is in the conforming
area, is added to the possible values of the random variable y
(measurement error), so that the result z is in the non-conforming

area B. In this case, it is not in conformity with the standards
for the fulfillment of the functional purpose. When the charac-
teristic parameter takes the value x =x,, the influence
of the measurement error is the greatest. So there is a certain value
of n where the effect of the error can be ignored. As a result,
the introduction of additional control limits x;, =x, + 7
and x;, =x, —n allows to reduce the volume of control
and measurement operations without losing the statistical
reliability of the decisions made. The control limits
are symmetrical with respect to CC's upper action line UCL,
which corresponds to limit x, (Fig. 1). Fig. 1 also shows
that under the condition x < x;;, the probability of false rejection
is negligible. It is possible that the measurement result is z > x,,,
i.e. that a decision on unsuitability can be made, only if x > xJ,.
In this case, the expression (8) takes the form

=Plgsx<sx)ny>x —x)] ®)

P(AB) = P[(x, —

The reglon where the combination of x and y can lead
to a false alarm is represented in the orthogonal coordinate system.
This region has a right-sloping hatch in Fig. 2. If the distribution

N<x<x)N0—x<y<4+n)] (9
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is uniform, the false alarm is the region bounded by the bold lines,
and we can determine the integration limits using (9):

= [ fdx [T fiG)dy (10)

P(AE) e
where: f(x) is the probablllty distribution density function
of the values of the characteristic parameter of the TP, f;(x)
is the probability distribution density function of the error

of measuring instrument.

¥

Fig. 2. The integration region of the equation (10)

This corresponds to the second component in the denominator
of eq. (5) with the probability represented by the expression:

P(AB) = P[(x > x,) N (z > x,)] =

(1)
= P[(x>x,) N (¥ >x, — )]

Thus, the probability of a complex event represented
by expression (11), using Fig. 2, can be calculated as:

P(ﬁ)xu = fx:"’ £ ()dx fx:’lx f(Ddy (12)

3. Undetected alarm event probability

An undetected alarm occurs when the CO does not actually
meet the standards 4 but the conformity assessment procedure
has decided that the CO is suitable B. However, the result
of the assessment B may also occur when the object actually
meets the standard A. By analogy with expression (5),
we write the Bayes formula for the case where the evaluation
result is "suitable":

P(A)-P(8/A)
P(A)-P(B/A)+P(A)-P(B/A)

P(A/B) = (13)

Due to the non-ideal of the measurement procedure,
the numerator of expression (13) contains the a priori
probability of an undetected alarm. The denominator is the sum
of the probabilities of events that can produce an appropriate
outcome B when assessing compliance. As before, consider
situation at upper bound of x,. From Fig. 1, we can assume
that undetected nonconformity with standards may occur
if the value of characteristic x is in the interval x,, + x,,"":

P(AB) =Pl(x > x,) N (x <z <x,)] (14)

After substltutlng (2) into (14), we obtain an expression

for the convolution of independent events:
P(ZB)x =P[x>x)N(x—x<y<x,—x)]

The greatest influence of the measurement error y will
be at x = x,,, and the error takes on a negative value -n.

Then, to estimate the a-priori probability of an undetected
alarm, we have (see Fig. 3)

P(AB), =Pl <x<xy+m) N (=1 <y < xy — 2)]
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Based on the region with double hatching shown in Fig. 3,
we find integration boundaries for calculating the a priori
probability of an undetected alarm

_ Xy N Xy—X
P(4B), = L f(x) dx f_ , fi(y)dy

b4 A X=X

X=X, XM

Fig. 3. The integration region of the equation (14)

It is necessary to write an expression that would correspond
to the second component of the denominator of expression (13)
to check the plausibility of the decision on suitability
when evaluating compliance with standards. We have events
that are independent

P(AB)y, =P[(xy<x<x)Nn(x—x<y<x, —x)]

Thus, the second component of the denominator of expression
(13), which characterizes the prior confidence in the suitable
solution B, can be expressed as follows:

-X

P(AB), = f "F G0 da f ROy
X1 -n

4. False alarm probability with uniform
distribution law

Uniform distribution densities of possible values of TP's
parameter x and random errors y are

1

f@) =5 i) =5 (15)

The set of possible values of the corresponding events
is shown on Fig. 4.

The volumes of prisms (16) are the geometric interpretation
of the probability of complex events. Their heights are equal.
They are the product of the densities of the random variables (17).
The bases are the areas of regions defined by these variables

(Fig. 4).
Py = LSy, (16)

1
L= 17)
The a-priori probability of an erroneous decision
on the process non-compliance with the standards based
on expression (10) will look like:
P(AB)W

1
= E fabc dx fabc dy (18)
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oy

Fig. 4. The range of possible values of x and y

The probability P(AE)n is proportional to the area
of equilateral right triangle Syq4:

P(AE)n = LSy =

8H

(19)

The a priori probability of making the correct decision on non-
compliance of the technological process with the standards based
on (12) will look like:

_ 1

- m fbeknc

P(4B), dx [, . dy (20)

The probability P(ﬁl7 is proportional to the area S,exnc:

— 1 4nH-4nx,-n?

P(AB)n = LSpeknc = m% (21)

In Bayes' (18, 20), if the true state of the process is normal,

the confidence in the decision that the process does not comply
with the standards is given by the expression

P(4B),

P(A/B), (22)

~ P(4B), +P(4B),

The probabilities of complex events correspond to the volume
of the prism with the height (17) and the areas of the bases
in the case of uniform probability distributions (15) according
to Fig. 4. The posteriori probability that the process does
not comply with the standards is then given by the expression:

P(A/E)n _ LSkad — Sabc (23)

LSapctLSpeknc SabctSbeknc

We will make it based on the calculation of the areas
of the bases of the corresponding prisms (23) in order to determine
the plausibility of the erroneous decision on the TP's non-
compliance with the norms (22). The areas of the corresponding
prism bases (23) are wused to calculate the probability
of plausibility of a wrong decision on the TP's non-compliance
with the standards (22). In this case we get:

B __ 1
P(A/B’)n e (24)

Defining the posterior probability of a false rejection (24)
increases the probability of assessing the TP's compliance
with the standards. Like any probability, the value (24)
corresponds to the condition:

0<—1 <1 (25)

T 4(H-xy) T
Let's consider the extreme cases of conditions (25).
In the case P(A/E)n =0, i. e. in the absence of additive random

measurement error n = 0, and therefore in the absence of a false
rejection, the posterior probability of making a false decision
about the TP's non-compliance with the standards is possible (19).
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If P(A/E)n = 1, this means that a wrong decision was made.
This means that the probability of the correct decision on the non-
compliance of the technological process with the standards
is P(ﬁ)n =0 in the denominator of the expression (22).

Put another way, the disorder

asymptotically tends to zero.
Let's consider a numerical example. First, we transform

expressions (19), (24), and introduce d = % and x,, = aH, where
a < 1. Then we obtain the expressions:

P(aB), =4 (26)

probability of process

P(4/B), =4 @7)

Let's assume that d = 0.2. Then the prior probability will
be equal to 2.5% and does not depend on the value of x,.
Let's consider how the posterior probability will change depending
on the value of x,,. The results are summarized in Table 2.

Table 2. Dependence of the posterior probability on x,,

d=01 d=02
X, P(A/B),(26) | P(4/B), @7
0.55 5.6 1.1
0.60H 63 12.5
0.65H 7.1 143
0.70H 8.3 16.7
0.75H 10.0 20.0
0.80H 12.5 25.0

Analysis of the obtained data showed that with an increase
in the tolerance interval, with H fixed, the probability P(A/E)n

increases, since P(E)n decreases, the more plausible a posteriori

solution becomes. In the limit, expression (22) asymptotically
tends to 1.

5. Summary

This paper discusses how to evaluate process conformance
using quantitative control charts, where process characteristics
are measured and then compared to a standard. It is shown
that measurement errors lead to erroneous decisions, not only false
alarms, but also undetected alarms. It is established that a priori
decision probabilities, including correct and incorrect decision
probabilities, are possible:

o to assess capabilities of a measuring system before using it,

e to put forward requirements for metrological characteristics,
under which a given probability of control will be fulfilled.
The Bayesian approach, which is predicated on the solution

obtained during the inspection process, Yyields ancillary

information and thereby reduces the uncertainty associated with
potential combinations of elementary events by a factor of two.

A priori dependence on the relationship between x,
and the upper possible value of H will increase proportionally
with the increase in the reduced error d.
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