
p-ISSN 2083-0157, e-ISSN 2391-6761      IAPGOŚ 4/2025      95 

artykuł recenzowany/revised paper IAPGOS, 4/2025, 95–99 

http://doi.org/10.35784/iapgos.7641 received: 25.04.2025 | revised: 21.11.2025 | accepted: 02.12.2025 | available online: 30.06.2025 

DEVELOPMENT OF AN ALGORITHM FOR CALCULATING ION 

EXCHANGE PROCESSES USING THE PYTHON ECOSYSTEM 

Iryna Chub
1
, Oleksii Proskurnia

2
, Kateryna Demchenko

1
, Oleksandr Miroshnyk

3
, Taras Shchur

4
, 

Serhii Halko
5
 

1State Biotechnological University, Department of Automation and Computer Integrated Technologies, Kharkiv, Ukraine, 2H.S. Skovoroda Kharkiv National Pedagogical 

University, Department of Mathematics, Kharkiv, Ukraine, 3State Biotechnological University, Department of Electricity Supply and Energy Management, Kharkiv, Ukraine, 
4Department of Agricultural Engineering, State Biotechnological University, Kharkiv, Ukraine, 5Dmytro Motornyi Tavria State Agrotechnological University, Department 

of Electrical Engineering and Electromechanics Named after Prof. V.V. Ovharov, Zaporizhia, Ukraine 

Abstract. Ion exchange plays a key role not only in eliminating water hardness and reducing the concentration of unwanted ions, but also in protecting 

the environment. Due to its versatility, it is an indispensable tool in modern environmental technologies. Calculation methods are an important component 
of the implementation of ion exchange technologies, as they play a crucial role in their effective operation. There are calculation methods used 

in the design of ion exchange systems, but similar methods have not yet been developed to determine operating parameters during operation. 

This complicates the optimization of the process in real conditions and requires further research and development. The calculation method should be easy 
to use, but at the same time provide high accuracy of results, taking into account such important factors as water composition, filtration rate, temperature 

and type of ion exchange resins. It is especially important that the method be developed based on open Python libraries to ensure accessibility 

and versatility. The differential mathematical approach using Python provides significantly higher accuracy, efficiency and flexibility in calculations. 

Therefore, the development of an algorithm for solving systems of nonlinear equations by Newton's method will allow achieving maximum accuracy 

of results. The article develops an algorithm for solving a nonlinear system of equations by Newton's method, which allows determining the distribution 

of ions in the working zone of the filter in both liquid and solid phases. The implementation of the developed algorithm is carried out using the Python 
ecosystem. Based on the calculation results, a graph of the output curve is constructed and a complex software module is developed that allows controlling 

the most important operating parameters of ion-exchange filters. Also, the use of a complex software module will contribute to reducing the operating 

costs of ion-exchange filters and increasing the efficiency of processes. 
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OPRACOWANIE ALGORYTMU OBLICZANIA PROCESÓW WYMIANY JONOWEJ 

Z UŻYCIEM EKOSYSTEMU PYTHON 

Streszczenie. Wymiana jonowa odgrywa kluczową rolę nie tylko w usuwaniu twardości wody i redukowaniu stężenia niepożądanych jonów, ale także 
w ochronie środowiska. Ze względu na swoją uniwersalność jest niezastąpionym narzędziem w nowoczesnych technologiach ochrony środowiska. Metody 

obliczeniowe stanowią istotny element wdrażania technologii wymiany jonowej, gdyż odgrywają kluczową rolę w ich efektywnym działaniu. Istnieją 

metody obliczeniowe wykorzystywane przy projektowaniu układów wymiany jonowej, lecz podobne metody służące określaniu parametrów roboczych 
w trakcie pracy nie zostały jeszcze opracowane. Utrudnia to optymalizację procesu w warunkach rzeczywistych i wymaga dalszych prac badawczo-

rozwojowych. Metoda obliczeniowa powinna być prosta w użyciu, a jednocześnie zapewniać wysoką dokładność wyników i uwzględniać takie istotne 

czynniki, jak skład wody, szybkość filtracji, temperatura i rodzaj żywic jonowymiennych. Szczególnie ważne jest, aby metodę tę opracowano w oparciu 
o otwarte biblioteki Pythona, co zapewni dostępność i wszechstronność. Podejście matematyczne oparte na różniczce z wykorzystaniem języka Python 

zapewnia znacznie większą dokładność, wydajność i elastyczność obliczeń. Zatem opracowanie algorytmu rozwiązywania układów równań nieliniowych 

metodą Newtona pozwoli na osiągnięcie maksymalnej dokładności wyników. W artykule opracowano algorytm rozwiązywania układu równań nieliniowych 
metodą Newtona, który pozwala na określenie rozkładu jonów w strefie roboczej filtra zarówno w fazie ciekłej, jak i stałej. Implementację opracowanego 

algorytmu przeprowadzono z wykorzystaniem ekosystemu Python. Na podstawie wyników obliczeń skonstruowano wykres krzywej wyjściowej oraz 

opracowano kompleksowy moduł programowy umożliwiający sterowanie najważniejszymi parametrami pracy filtrów jonowymiennych. Ponadto 
zastosowanie kompleksowego modułu programowego pozwoli na obniżenie kosztów eksploatacji filtrów jonowymiennych i zwiększenie efektywności 

procesów. 

Słowa kluczowe: Python, Metoda Newtona, wymiana jonowa, stężenie jonów, technologia wymiany jonowej 

Introduction 

The development of methods for calculating ion exchange 

filters is extremely relevant, as it ensures an increase 

in the efficiency of the above processes [11, 28]. Accurate 

calculation of filter parameters allows optimizing the use 

of resources, reducing operating costs, and reducing 

the environmental impact [2, 29]. 

A significant number of engineering methods have been 

developed and implemented to calculate the technological 

performance of ion exchange filters [7, 13, 26]. Some of them 

require experiments, while others are less accessible to users 

due to the closed nature of the developers' databases [8, 19, 22]. 

The use of calculations based on mathematical models also has 

certain difficulties [4, 14, 22]. In this regard, there is a need 

to develop a method that would be accessible to every user 

and ensure high accuracy of the results [6, 10, 15]. 

Such a method should be easy to use while providing accurate 

calculations that take into account important factors such as water 

composition, filtration rate, temperature, and type of ion exchange 

resin [1, 17, 23]. It is especially important that the method 

be developed based on open source Python libraries [9]. A key 

element is to create a software with networking capabilities based 

on these libraries to quickly and efficiently calculate the filter 

parameters. This will provide convenience and accessibility 

for specialists of different levels, as well as demonstrate 

the extensive capabilities of Python in data processing and process 

modeling [1, 24]. 

Publications have presented an algorithm for calculating 

a cationic filter taking into account the distribution of cations 

in the working area [3, 27]. For this purpose, a graph-analytical 

calculation method was used [3], which has certain difficulties 

in use. Also, this method requires considerable time and effort 

to build graphs and perform calculations. Modern computational 

methods in Python allow automating the calculation process, 

which reduces the time required for calculations and provides 

higher performance when solving complex problems. 

Therefore, the development of an algorithm for solving 

a system of nonlinear equations by the Newtonian method using 

Python libraries will allow achieving high accuracy of the results. 

The article propose a new algorithm for calculation 

of ion exchange using Python. The presented approach 

is very interesting and important for industrial application to speed 

up processing or develop efficient monitoring systems. 

1. Materials of research 

In this study, we developed an algorithm for solving a system 

of nonlinear equations using Newton's method in Python. 

The use of Python libraries for numerical methods (in particular, 
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NumPy, SciPy) makes it easy to scale calculations to large data 

sets and perform calculations for multidimensional systems 

[18, 25]. The differential mathematical approach using Python 

provides significantly higher accuracy, efficiency, and flexibility 

in calculations compared to the graph-analytical method [20, 25]. 

Based on the developed algorithm and using powerful Python 

tools for working with data and their visualization, the necessary 

graphs of the distribution of cations between phases are created. 

In addition, a graph of the output filtration curve is plotted, which 

clearly demonstrates the dynamics of the ion exchange process 

and its efficiency. Python provides a high level of flexibility 

and accuracy in visualizing complex technological processes, 

facilitating deeper analysis and optimization of filter performance 

parameters.  

2. Summary of the main material 

For the purpose of analysis, let's consider the softening 

process in an apparatus with a fixed layer of cationite. It proceeds 

under non-equilibrium conditions [3, 5, 28]. According 

to the theory of dynamics, mass transfer occurs and is completed 

in the working zone, which gradually moves from top to bottom 

[2, 21, 29]. The mass transfer zone reflects the kinetics 

of the process in the sorbent, is related to the conditions 

of mass transfer, and depends on the speed, solution concentration, 

and characteristics of the ionite (grain diameter). The process 

of cationite depletion occurs in layers [3, 17]. As a result, 

a working zone is formed, which has a certain length and speed 

at which it moves down the layer. A certain concentration field, 

called the concentration front, is formed in the working part 

of the apparatus [2, 3, 17]. The working area, gradually moving 

down the filter, reaches its lower section. At this point, the cations 

that were retained by the filter begin to break through into 

the filtrate. If all changes in the concentration in the initial solution 

are recorded, the shape of the output curve repeats the shape 

of the concentration front, Fig. 1. When cations break through into 

the filtrate, the ion exchange filter is turned off for regeneration. 

At this point in the working area, the cationite is not completely 

depleted and has a certain average value. 

 

Fig. 1. Movement of the formed sorption front through the ionite layer and the output 

curve 

Here, in Fig. 1, the dark color indicates the saturated or used 

part of the cationite, and the light color indicates the unused 

ionite that does not interact with water. The reason for this 

is the presence of a working zone in the filter, in which 

a concentration front is formed and moves through the filter 

in a parallel transfer mode. 

To take into account the non-equilibrium conditions that arise 

in an ion exchange filter, namely the formation of a concentration 

front, an algorithm for calculating the concentrations in the filter 

working zone h(rz) was developed. 

Using equations (1)-(2), determine the cation concentrations 

in water and cationite of each layer.  

To solve the system of nonlinear equations (1), (2), which 

is a mathematical model of the distribution of cations in the filter 

working zone and takes into account non-equilibrium conditions, 

the Newton method was proposed in [7]. 

 с𝑗𝑑𝑦𝑛 = 𝑎 ∙ 𝑓(𝑐𝑗), j = 1, 2, …, m (1) 

 𝑢(с𝑗𝑑𝑦𝑛 − с𝑗+1𝑑𝑦𝑛) − 𝑣(𝑐𝑗−1 − 𝑐𝑗), j = 1, 2, …, m (2) 

where u and v are the velocities of the sorption front and water 

m/s; с𝑗𝑑𝑦𝑛, cj – cation concentrations in cationite and water 

on layer j under dynamic conditions, mg-eq/dm3, mg-eq/dm3; 

a ≤ 1 is a coefficient that takes into account non-equilibrium 

conditions; m the number of layers. 

The boundary conditions for equations (1) and (2) are those 

for the parallel transfer stage only: 

𝑧 → ∞, 𝐶 → 0, 𝐶 → 0 

𝑧 → −∞, 𝐶 → С0, 𝐶 → 𝑓(С0) 
After transforming the system of equations (1) and (2), 

the final formula was obtained: 

 
𝑢

𝑣
[𝑓(𝑐𝑗) − 𝑓(𝑐𝑗+1)] − 𝑐𝑗−1 + 𝑐𝑗 = 0, j = 1,2, … , m (3) 

It should be noted с𝑗𝑑𝑦𝑛 that was substantiated in [6, 7].  

с𝑗𝑑𝑦𝑛 = 𝛹(𝑐𝑗) 

 с𝑑𝑦𝑛 = 𝑎
𝑘с∞𝑐𝑗

1+𝑘𝑐𝑗
  (4) 

where k is the equilibrium constant; с∞ is the maximum capacity 

of the ionite, mg-eq/g; с𝑑𝑦𝑛 is the concentration of the absorbed 

substance in the ionite under pseudo-equilibrium conditions, 

mg-eq/g; cj is the concentration of a substance in the liquid phase, 

mg-eq/dm3; a is a coefficient that takes into account non-

equilibrium conditions [3]. 

Find the solution to the system of nonlinear equations for each 

layer (1) and (2).  

For the first time, the Newton method–based algorithm 

for solving a system of nonlinear equations has been adapted 

to the specific operating conditions of ion-exchange filters, taking 

into account their physicochemical regularities, mass-transfer 

kinetics, and structural characteristics of the technological process. 

The developed algorithm is tailored for modeling the sodium-

cation exchange process and provides enhanced accuracy 

and numerical stability compared to universal implementations. 

The structure of the algorithm consists of the following elements 

(steps). First, it is necessary to define a function that performs 

the calculation by Newton's method and specify the following 

parameters: 

 F (function): a system of nonlinear equations; 

 J (function): the Jacobi matrix of the system of equations; 

 x0 (numpy.array): the initial estimate of the solution; 

 tol (float, optional): the allowable error. Default values: 1e-6; 

 max_iter (int, optional): the maximum number of iterations. 

Default value: 100. 

An example of a program snippet with the newton_method 

function is shown in Fig. 2. 

 

Fig. 2. A program snippet with the newton_method function 
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The next step is to create an equation_calculation function 

that directly performs the calculation based on Newton's method 

[12, 16], a program snippet with the created function is shown 

in Fig. 3. 

 
Fig. 3. A fragment of the program with the created function equation_calculation 

that directly performs the calculation based on 's method 

The algorithm also needs to create a Jacobi matrix to solve 

the system of equations. An example of a program snippet with 

an algorithm for solving a matrix is shown in Fig. 4. 

 

Fig. 4. A program fragment with the algorithm for solving the Jacobi matrix 

The function J(x) builds a Jacobi matrix taking into 

account the nonlinear influence of concentrations and interlayer 

interactions. 

The structure of the matrix is five-point (almost tridiagonal), 

which is typical for problems involving the approximation 

of derivatives in space. Sorption effects are taken into account 

through additional fractional terms. The algorithm is unique 

and complex, as it includes both differentiation and physico-

chemical models of the process. This implementation guarantees 

the accuracy, stability, and convergence of the numerical solution. 

Then, based on the obtained concentration values in each 

layer, a concentration curve is constructed – the relationship 

between the concentrations in water and sorbent. 

To do this, the concentration in water and, accordingly, 

in the ion exchange resin on each layer mi was determined 

according to the above algorithm. Fig. 5 shows the calculated 

values of the concentrations in water and ionite of each layer, i.e., 

gives an understanding of the ionite depletion in the working area. 

 
Fig. 5. Estimated concentrations in water and ionite in the filter working area 

The development of the above algorithm made it possible 

to create a comprehensive calculation of the operating parameters 

of the ion exchange filter and improve the previously developed 

method [3] for determining rational operating parameters. 

In particular, the need to determine the unused (tail) capacity 

in the working area was eliminated (Vuz unused zone). Instead, it is 

necessary to determine the total amount of cations in g-eq that 

participated in the exchange, taking into account the established 

distribution of cations in the filter working area, and calculate the 

dynamic exchange capacity. It is worth noting that the previous 

algorithm was based on a graph-analytical method of determining 

the distribution of ions in the working area and depended 

on the construction of graphs. The solution of systems 

of nonlinear equations by the Newton method using Python 

libraries allowed us to achieve high accuracy of the results. 

Consider the following developed program module 

for calculating an ion exchange filter. In it, according 

to the developed algorithm above, the dynamic exchange capacity 

of the entire ionite loaded into the filter is determined, taking into 

account saturated and not fully saturated layers, as shown 

in Fig. 1. The intermediate calculations to be made are as follows: 

 determines the height of the working zone h(rz) for a given 

filtration rate and initial concentration of the treated 

water [17]; 

 determines the speed of movement of the working area u, m/h 

and the time of mass transfer [3]; 

 Wd is determined by the dynamic exchange capacity 

(the number of gram equivalents involved in the exchange), 

according to the equation (5): 

 𝑊𝑑 = (𝑉𝑓 − 𝑉𝑟𝑧) ∙ 𝐶0 + ∑ 𝐶𝑗𝑑𝑦𝑛
𝑚
𝑗=1 ∙ ∆𝑉𝑗𝑟𝑧 (5) 

Vf, Vrz is the volume of the filter and the volume of the working 

zone; ∆𝑉𝑗𝑟𝑧 is the volume of the working zone of layer j; 

𝐶0 is the cationite capacity taking into account the regeneration 

conditions, g-eq/m3;  

 determine the operating time of the filter, is determined 

by the filter operation time until it is taken out of operation 

for regeneration, according to the relation (6): 

 𝜏𝑏𝑟𝑘(im) =
𝑊𝑑𝑖𝑛

(𝐶𝑒𝑛−𝐶𝑒𝑥)∙𝑓∙𝑣
 (6) 

 based on the data obtained, a graph of the dependence 

of the concentration of a substance in the leachate on the time 

of appearance of the concentration in the leachate, 

i.e. the output curve, is drawn. 

All the program code is available on the developer's own 

GitHUB [3]. 

All the calculation results and the output curve are displayed 

on the screen in the form of a graph showing the result 

of the developed program (Fig. 6, 7). 
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Fig. 6. Calculated values of the ion exchange filter parameters obtained on the basis 

of the created program 

 

Fig. 7. Breakthrough time and operational parameters of the ion exchange filter 

To confirm the adequacy of the developed method 

of determining the operating parameters of the cationic filter, 

a comparison with the previously proposed method of calculation, 

which is based on graphoanalytical constructions and estimation 

of the unused capacity of the sorbent loaded in the filter [3]. 

Calculations were carried out for the filter with given 

characteristics: diameter 3.4 m, height of cationite KU-2-8 loading 

– 1.6 m, cationite grain diameter – 0.8 mm. The filter capacity 

was 182 m³/h at filtration rate of 15 m/h. Initial concentration 

of hardness cations in water (Сen) was 7 g-eq/m³, concentration 

in filtrate (Сex) was 0.1 g-eq/m³. Exchange capacity of cationite 

during operation, calculated by known total exchange capacity 

(1500 g-eq/m³), was 1048 g-eq/m³. 

Calculations were performed for different filtration rates 

and the results are presented in Table 1. In Table 1, the first 

column contains the calculated data τbrk1 obtained using the 

previously developed algorithm [17]:  

 𝜏𝑏𝑟𝑘(𝑝𝑟) =
𝐸𝑓

(𝐶𝑒𝑛−𝐶𝑒𝑥)∙𝜈∙𝑓
(𝑉𝑓 − 𝑉𝑢𝑧) (7) 

The second column contains the calculated data τbrk(im) 

obtained using the improved algorithm according to formula (6). 

The table also shows the experimental values of the time of cation 

breakthrough into the filtrate τexp. Data analysis shows satisfactory 

coincidence of calculated and experimental values. The average 

deviation of the calculated values of the filter operation time (τ) 

from the experimental values does not exceed 5%.  

As can be seen from Table 1, the discrepancies between 

the calculated values obtained by the two methods are insigni-

ficant. This confirms the possibility of using the developed 

method for determining the operating parameters of Na-cationic 

filters in order to reduce operating costs and improve the 

efficiency of their operation. 

The developed method of determining the operating 

parameters of cationic filter showed a high degree of consistency 

with the experimental data. Its application allows to optimize 

the operation of filters, reducing operating costs and increasing 

the efficiency of water treatment process. 

The algorithm for calculation of ion concentration inside 

the working zone of the apparatus has been developed 

and realized. On the basis of this algorithm the method 

of calculation of rational working parameters of cationic filter 

is improved, allowing to determine the working capacity and time 

of effective operation of the filter when changing the filtration 

rate. Regulation of technological parameters in the process 

of operation provides saving of water and reagents for auxiliary 

needs of water treatment on average by 12–17%. 

A software package for automated execution of all necessary 

calculations to determine the optimal operating parameters 

of cation-exchange units has been developed. It is proposed 

to integrate all implemented algorithms into an automated 

operator-technologist workstation. The implementation of this 

automated workstation will enable a reduction in operating costs, 

including up to 17% savings in water and reagent consumption, 

as well as an increase in the utilization efficiency of the cation-

exchange resin within the filter. 

Table 1. Comparison of ion breakthrough time in filtrate at different filtration rates 

Filtration rates, m/h 𝜏𝑏𝑟𝑘(𝑝𝑟), h 𝜏𝑏𝑟𝑘(𝑖𝑚), h τexp, h 

20 11.23 12.3 12.7 

15 15.74 17.1 16.8 

10 25.17 26.8 27.0 

3. Conclusions 

In the course of the study, an algorithm for the numerical 

solution of a nonlinear system of equations was developed 

and implemented to model the distribution of ion concentrations 

in the working zone of an ion-exchange filter. The algorithm 

is based on a modified Newton's method with the construction 

of a Jacobian matrix whose elements take into account the specific 

features of mass transfer processes and nonlinear dependencies 

between ion concentrations and the sorption characteristics 

of the medium. The conducted analysis confirmed the existence 

of a unique solution within the operating range of parameters, 

ensuring the stability and convergence of the computations. 

The proposed approach accurately accounts for the complex 

interaction of phase flows and the nonlinear behavior 

of concentrations in the system, enabling effective modelling 

and control of purification and separation processes. 

Furthermore, the algorithm for the technological calculation 

of the ion-exchange filter was improved, allowing for the 

determination of optimal operational parameters during real-time 

operation. The implementation of the algorithm within the Python 

ecosystem ensures high flexibility, scalability, and integration 

with other engineering analysis tools. 

The improved method for determining rational operating 

parameters allows for a more accurate determination 

of the operating parameters of the cationization process, taking 

into account the concentration-dynamic conditions. It makes 

it possible to calculate the parameters of an ion exchange filter. 

The method can be recommended for predicting 

and analyzing breakthrough curves, estimating the dynamic 

capacity of the loaded sorbent, and optimizing water and reagent 

consumption. The application of the integrated software module 

will contribute to increased efficiency in the operation 

of ion-exchange filters, simplification of technology deployment 

across various industries, and reduction of operating costs in water 

treatment systems. 
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