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Abstract. The results of the theoretical substantiation and experimental validation of a novel laser polarization-interference method for Jones matrix 

mapping with digital phase layer-by-layer scanning of the object field of polycrystalline bile films are presented. Statistical analysis of the layer-by-layer 
maps of the real and imaginary components of the Jones matrix images has revealed a set of diagnostic markers – skewness and kurtosis – sensitive 

to variations in the linear and circular birefringence of the polycrystalline structure within the supramolecular networks of dehydrated bile films. 
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METODY I ŚRODKI LASEROWEGO MAPOWANIA MACIERZY JONESA WARSTW 

POLIKRYSTALICZNYCH PŁYNÓW BIOLOGICZNYCH 

Streszczenie. Przedstawiono wyniki teoretycznego uzasadnienia oraz eksperymentalnej weryfikacji nowej laserowej metody polaryzacyjno-

interferencyjnego mapowania macierzy Jonesa z cyfrowym, warstwowym skanowaniem fazowym pola obiektu polikrystalicznych rozmazów żółci. Analiza 
statystyczna warstwowych map rzeczywistych i urojonych składowych obrazów macierzy Jonesa ujawniła zestaw markerów  diagnostycznych – skośność 

i kurtozę – wrażliwych na zmiany dwójłomności liniowej i kołowej w strukturze polikrystalicznej sieci supramolekularnych odwodnionych rozmazów żółci. 

Słowa kluczowe: macierz Jonesa, polaryzacja, interferometria, liniowa i kołowa dwójłomność, centralne momenty statystyczne, żółć 

Introduction 

In recent years, modern non-destructive and non-invasive 

optical diagnostic methods for biological tissue samples have been 

widely and effectively applied across various fields of medicine 

[5, 9, 19]. Among the broad spectrum of optical methods, 

one of the most effective has emerged – laser polarimetric 

diagnostics of the polycrystalline structure of biological layers 

[2, 6, 11]. The methodological generalization and further 

development of laser polarimetry have resulted in multiparametric 

Mueller-matrix polarimetry methods and systems that deliver 

comprehensive information on pathological and necrotic 

alterations in the optically anisotropic components of biological 

tissues [7, 16, 17]. A new frontier in expanding the functional 

capabilities and improving the sensitivity of differential 

diagnostics of various pathological and necrotic conditions 

in Mueller-matrix polarimetry has been the development 

of innovative 3D scanning techniques for biological sample 

volumes [1, 4, 10]. 

It should be noted that the vast majority of laser polarimetry 

methods and systems are primarily aimed at defining criteria 

and practical applications in the differential diagnosis 

and monitoring of pathological and necrotic changes in human 

organ tissues [8, 12, 14]. However, the detection criteria 

for the polycrystalline structure of biological fluid films remain 

largely unexplored and are of significant current interest 

[3, 13, 20]. These objects carry valuable information about 

the overall state of the body, are easily accessible, and do not 

require a traumatic biopsy procedure. From a fundamental 

perspective, studying such weakly scattering and volumetrically 

inhomogeneous films within laser polarimetry requires 

the application of the Jones-matrix formalism [8, 15]. 

This study is devoted to the theoretical substantiation 

and experimental validation of a novel multifunctional laser 

polarization-interference approach for Jones matrix mapping 

of polycrystalline bile films, incorporating digital phase scanning 

of their supramolecular networks [7, 16, 20]. 

The applied component of the study focuses on selecting 

statistical parameters most sensitive to structural changes in bile 

films, represented by the spatial distributions of the complex Jones 

matrix elements [17, 18].  

1. Brief theory of the method 

Each partial layer of the polycrystalline blood film 

is considered a phase plate with a certain phase retardation 

of linear birefringence (LB). Circular birefringence (CB) causes 

the rotation of the polarization plane, which is characterized 

by an azimuthal angle. 

 𝜙(𝑧) = 𝛾𝑧 (1) 

where z is the propagation direction or the geometric path 

in the phase layer, and γ is a constant. 

Let 𝛿 be the phase shift of linear birefringence LB 

in the absence of polarization plane rotation or circular 

birefringence CB. 

 𝛿 =
2𝜋

𝜆
𝛥𝑛𝑙 (2) 

where l – the total thickness of the polycrystalline film. 

The total thickness of the polycrystalline film  

 𝜙0 = 𝜙(𝑙) = 𝛾𝑙 (3) 

We assume that: 

 the phase retardation in the volume of each partial layer 

is N times smaller than δ (relation (2)); 

 the partial layer with index m is oriented at an azimuthal angle 

of 𝑚𝜁 (relation (1)), where 𝜁 =
𝛾0

𝑁
φ.  

 {𝐽} = ∏ {𝑅(𝑚𝜁)}{𝐽0}{𝑅(−𝑚𝜁)}
𝑁
𝑚=1  (4) 

here, {𝑅(𝑚𝜁)} і {𝑅(−𝑚𝜁)} are rotation matrices. 

For further analysis of expression (4), we used well-known 

relations between rotation matrices 

 {𝑅(𝜁1)}{𝑅(𝜁2)} = {𝑅(𝜁1 + 𝜁2)} (5) 

Taking into account (5), expression (4) can be rewritten as: 

 {𝐽} = {𝑅(𝜙0)}[{𝐽0}{𝑅(−𝜁)}]
𝑁 (6) 

where 

 {𝐽0} = ‖
𝑒𝑥𝑝 (−𝑖

𝛿

2𝑁
) 0

0 𝑒𝑥𝑝 (𝑖
𝛿

2𝑁
)
‖ (7) 

Thus, 

{𝐽} = {𝑅(𝜙0)} = ‖
𝑐𝑜𝑠 𝜁 𝑒𝑥𝑝 (−𝑖

𝛿

2𝑁
) − 𝑠𝑖𝑛 𝜁 𝑒𝑥𝑝 (−𝑖

𝛿

2𝑁
)

𝑠𝑖𝑛 𝜁 𝑒𝑥𝑝 (𝑖
𝛿

2𝑁
) 𝑐𝑜𝑠 𝜁 𝑒𝑥𝑝 (𝑖

𝛿

2𝑁
)
‖

2

 (8) 
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Since matrix (8) is unimodular, we applied Chebyshev’s 

identity  

 ‖
𝐹11 𝐹12
𝐹21 𝐹22

‖
𝑚

= ‖
𝐹11𝑄𝑚−1 − 𝑄𝑚−2 𝐹12𝑄𝑚−1

𝐹21𝑄𝑚−1 𝐹22𝑄𝑚−1 − 𝑄𝑚−2
‖ (9) 

where 

 𝑄𝑚 =
𝑠𝑖𝑛[(𝑁+1)𝛵𝛨]

𝑠𝑖𝑛 𝛵𝛨
 (10) 

 𝑐𝑜𝑠[𝛵𝛨] =
𝐹11+𝐹22

2
 (11) 

Taking into account (9)–(11), the equations (8) take 

the following form: 

 𝐽11 = (𝐽22)
∗ = 𝑐𝑜𝑠 (

𝜁0

𝑁
) 𝑒𝑥𝑝 [−𝑖 (

𝛿

2𝑁
)
𝑠𝑖𝑛(𝑁𝜃)

𝑠𝑖𝑛 𝜃
−
𝑠𝑖𝑛((𝑁−1)𝜃)

𝑠𝑖𝑛 𝜃
](12) 

 𝐽12 = −(𝐽21)
∗ = −𝑠𝑖𝑛 (

𝜁0

𝑁
) 𝑒𝑥𝑝 [−𝑖 (

𝛿

2𝑁
)
𝑠𝑖𝑛(𝑁𝜃)

𝑠𝑖𝑛 𝜃
] (13) 

 𝑐𝑜𝑠 𝜃 = 𝑐𝑜𝑠 (
𝜁0

𝑁
) 𝑐𝑜𝑠 (

𝛿

2𝑁
) (14) 

The relations (12) – (14) can be simplified by performing 

the limit transition as N → ∞. For this purpose, we expanded 

all "cosines" into their Taylor series  

 𝜃2 = (
𝜁

𝑁
)
2
+ (

𝛿

2𝑁
)
2
 (15) 

and introduced new notations 

 𝑈2 = 𝑁2𝜃2 = 𝜁2 + (
𝛿

2
)
2
 (16) 

As a result, the Jones matrix {𝐽} of an optically thin phase-

anisotropic ("LB+CB") layer of the biological fluid facies takes 

the following analytical form: 

 {𝐽} = ‖
𝑐𝑜𝑠 𝑈 − 𝑖

𝛿 𝑠𝑖𝑛𝑈

2𝑈
−𝜁

𝑠𝑖𝑛 𝑈

𝑈

𝜁
𝑠𝑖𝑛𝑈

𝑈
𝑐𝑜𝑠 𝑈 + 𝑖

𝛿 𝑠𝑖𝑛𝑈

2𝑈

‖ (17) 

Expression (17) provides an exact analytical representation 

of the set of elements of the Jones matrix for an optically 

anisotropic layer with linear (δ) and circular (ζ) birefringence. 

2. Jones matrix mapping method for bile films 

The method of polarization interferometry for mapping 

the distribution of complex Jones matrix elements includes 

the following experimental steps and algorithmic actions: 

1. Two collinear states of linear polarization are sequentially 

formed in the "illuminating" (𝐼𝑟) and "reference" (𝑅𝑒) parallel 

laser beams – 𝐼𝑟(00) − 𝑅𝑒( 00) and 𝐼𝑟(900) − 𝑅𝑒( 900). 
2. For each formed state of linear polarization, 

two partial interference patterns are recorded by rotating 

the transmission plane of the polarizer-analyzer 13 at angles 

𝛺 = 00; 𝛺 = 900. 

3. For each experimentally recorded partial interference 

distribution of the laser object field of the polycrystalline 

phase of the biological fluid sample, a digital two-dimensional 

Fourier transform is applied. 

 

{
 
 
 

 
 
 𝑗11 =

1

𝐴×𝐵
∑ ∑ 𝐸𝑥

0(𝐸𝑥
0)∗(𝑎, 𝑏) 𝑒

[−𝑖2𝜋(
𝑎×𝜐

𝐴
+
𝑏×𝜈

𝐵
)]𝐵−1

𝑏=0
𝐴−1
𝑎=0

𝑗12 =
1

𝐴×𝐵
∑ ∑ 𝐸𝑦

0(𝐸𝑦
0)
∗
(𝑎, 𝑏) 𝑒

[−𝑖2𝜋(
𝑎×𝜐

𝐴
+
𝑏×𝜈

𝐵
)]𝐵−1

𝑏=0
𝐴−1
𝑎=0

𝑗21 =
1

𝐴×𝐵
∑ ∑ 𝐸𝑥

90(𝐸𝑥
90)∗(𝑎, 𝑏) 𝑒

[−𝑖2𝜋(
𝑎×𝜐

𝐴
+
𝑏×𝜈

𝐵
)]𝐵−1

𝑏=0
𝐴−1
𝑎=0

𝑗22 =
1

𝐴×𝐵
∑ ∑ 𝐸𝑦

90(𝐸𝑦
90)

∗
(𝑎, 𝑏) 𝑒

[−𝑖2𝜋(
𝑎×𝜐

𝐴
+
𝑏×𝜈

𝐵
)]𝐵−1

𝑏=0
𝐴−1
𝑎=0

 (18) 

where 𝐸𝑥,𝑦
0.90 are the orthogonal components of the complex 

amplitude for different orientations of the transmission plane 

of the polarizer-analyzer 𝛺 = 00; 𝛺 = 900; ∗ – denotes 

the complex conjugation operation; (υ, ν) – represent the spatial 

frequencies; and (a = 1120, b = 960) indicate the number of pixels 

of the digital CCD camera. 

4. The results of the two-dimensional digital Fourier transform 

of the intensity distributions of polarization-filtered 

partial interference patterns are used for the algorithmic 

reconstruction of the complex amplitude field formed 

by the sample of the polycrystalline optically anisotropic 

phase of the biological fluid, following the algorithm below. 

 {
𝐸00 → |𝐸𝑥

0(𝛺 = 00)|

𝐸900 → |𝐸𝑥
90(𝛺 = 900)| 𝑒𝑥𝑝(𝑖(𝜑𝑥

90 − 𝜑𝑥
0)) 

 (19) 

 {
𝐸00 → |𝐸𝑦

0(𝛺 = 00)|

𝐸900 → |𝐸𝑦
90(𝛺 = 900)| 𝑒𝑥𝑝 (𝑖(𝜑𝑦

90 − 𝜑𝑦
0))

 (20) 

3. Analysis and discussion of experimental results 

The outcomes of the experimental layer-by-layer polarization-

interference Jones matrix mapping [3, 7, 17–19] of dehydrated 

bile films are illustrated in a series of fragments shown 

in Figs. 1, 2. 

The analysis of the obtained data revealed: 

 An individual coordinate structure of the Jones matrix 

distributions 𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛)) of the complex dendritic-

spherulitic polycrystalline networks is observed in Fig. 1, 

fragments (1), (2), and (5), (6). 

 Asymmetric distributions of histograms 𝐺(𝑅𝑒(𝑗𝑖𝑘)) 
of the matrix elements 𝑅𝑒(𝑗11;12;21;22) of the dehydrated 

polycrystalline bile film are shown in Fig. 1, fragments (3), 

(4), and (7), (8). 

 A distinct phase transformation of the topographic 

and statistical structure of the Jones matrix images 

𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛)) with respect to the phase shift 𝜃𝑘 is shown 

in Fig. 2, fragments (3), (4), and (7), (8). 

The results of the transformation of Jones matrix images 

𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛)) of the bile film are presented in table 1. 

Table 1. Statistical moments of the 1st to 4th orders characterizing the Jones matrix 

images of the bile film 

𝑅𝑒{𝐽𝑖𝑘} 

𝑍𝑖  𝑅𝑒{𝐽11} 𝑅𝑒{𝐽12} 𝑅𝑒{𝐽21} 𝑅𝑒{𝐽22} 
𝑍1 0.52±0.027 0.47±0.025 0.41±0.022 0.45±0.024 

𝑍2 0.34±0.018 0.33±0.017 0.26±0.014 0.28±0.016 

𝑍3 0.11±0.006 0.22±0.012 0.18±0.011 0.23±0.13 

𝑍4 0.19±0.011 0.34±0.018 0.23±0.013 0.35±0.018 

𝜑 = 𝜋 4⁄  

𝑍𝑖  𝑅𝑒{𝐽11} 𝑅𝑒{𝐽12} 𝑅𝑒{𝐽21} 𝑅𝑒{𝐽22} 

𝑍1 0.46±0.025 0.41±0.022 0.32±0.017 0.38±0.021 

𝑍2 0.29±0.017 0.22±0.012 0.17±0.09 0.21±0.011 

𝑍3 0.35±0.019 0.24±0.013 0.19±0.011 0.41±0.022 

𝑍4 0.47±0.025 0.36±0.019 0.25±0.013 0.58±0.031 

 

It was established that: 

 There is a distinct statistical distribution, different from 

the normal (𝑍3;4 = 0), for the set of Jones matrix images 

𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛)) of the polycrystalline networks of bile. 

 Opposite trends in the change of the mean (𝑍𝑖=1), variance 

(𝑍𝑖=2), skewness (𝑍𝑖=3), and kurtosis (𝑍𝑖=4), which 

characterize the transformation of Jones matrix images 

𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛)) in different phase planes (𝜑𝑘(𝑚 × 𝑛)) 

of the polycrystalline bile film, are observed as (
𝑍1;2 ↓

𝑍3,4 ↑
).  

 The values of the mean and variance 𝑍𝑖=1;2(𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛))) 
slightly decrease with an increase in the phase scanning 

parameter 𝜑𝑘 ↑ (within the range of 30% to 50%). 

 The values of the higher-order statistical moments 

𝑍𝑖=3;4(𝑅𝑒(𝑗𝑖𝑘(𝑚 × 𝑛))), which characterize the skewness 

and kurtosis of the distributions of the real (Re) components 

of the matrix elements 𝑅𝑒(𝑗11;12;21;22), significantly increase 

(up to 6 times) as the phase scanning parameter 𝜃𝑘 ↑ increases. 
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Fig. 1. Integral coordinate and statistical structure of the real parts of the Jones matrix the sisograms 𝐽𝑖𝑘(𝑚 × 𝑛) for the complex dendritic-spherulitic polycrystalline network 

of the dehydrated bile film 

 

Fig. 2. Layer-by-layer (φ = π/4) coordinate and statistical structure of the real parts of Jones matrix images of the dehydrated bile film 

From a physical standpoint, the results obtained can 

be attributed to specific features of the structural organization 

of complex dendritic-spherulitic polycrystalline networks 

in dehydrated bile films. In addition to the optically isotropic 

component (an optically homogeneous micellar solution 

containing small amounts of cylindrical epithelial cells, 

leukocytes, leukocytoids, and mucus), bile also includes 

an optically anisotropic component – a liquid-crystalline phase 

composed of three types of liquid crystals: needle-shaped fatty 

acid crystals (LFA), cholesterol monohydrate crystals (CHM), 

and calcium bilirubinate (CB). 

At the dehydration stage, an optically crystalline solid phase 

is formed through dendritic and disclination crystallization 

mechanisms. The dendritic pathway converts the liquid-crystalline 

optically anisotropic fraction into aggregates of solid, needle-

shaped, optically uniaxial birefringent crystals. In contrast, 

the disclination mechanism of the liquid-crystalline phase gives 

rise to a solid crystalline fraction composed of rectangular 

and rhomboidal CHM crystals. Additionally, during concretion 

formation, pronounced calcium bilirubinate (CB) deposits 

and microspherulites of calcium carbonate are observed. 

Thus, a complex dendritic-spherulitic polycrystalline structure 

of the dehydrated bile film is formed. Therefore, along 

with variations in the directions of the optical axes γ of the needle-

like crystals of the dendritic network of the dehydrated bile film, 

the values of the real (Re) components of the matrix elements 

𝑅𝑒(𝑗11;22) are influenced by the optically anisotropic properties 

of the calcium carbonate microspherolites and the rectangular, 

rhomboidal crystals of CHM.  

As a result, the values of the 1st- and 2nd-order statistical 

moments, reflecting the mean and variance of the distributions, 

were obtained of 𝑅𝑒(𝑗11;22), are slightly smaller compared 

to the similar statistical parameters that characterize the mean 

and variance of the coordinate distributions of the real components 

of the Jones matrix elements of the polycrystalline bile films 

(table 1). 

In addition, the real components of the Jones matrix elements 

𝑅𝑒(𝑗12;21), which characterize the mutual transformations 

of polarization states due to the optical activity of the biological 

crystals, are practically comparable to the values of the real 

components of the collection of elements 𝑅𝑒(𝑗11;22).  



36      IAPGOŚ 3/2025      p-ISSN 2083-0157, e-ISSN 2391-6761 

This fact indicates a significant influence of the optical 

activity of chiral molecular domains in the dehydrated bile film 

on the manifestation of structural anisotropy in the networks 

of needle-like crystals. 

Finally, as the phase scanning shift 𝜑𝑘 ↓ decreases, a more 

optically thin volume of the dehydrated bile film is distinguished. 

As a result, two effects arise: 

 the distribution of the optical axis orientations of the needle-

like crystals transforms from a nearly uniform distribution 

(0 ≤ 𝛾 ≤ 2𝜋) into an asymmetric one (𝛾𝑚𝑖𝑛 ≤ 𝛾 ≤ 𝛾𝑚𝑎𝑥). 

 the concentration of spherulitic optically active molecular 

domains decreases. 

 

Accordingly, the statistics of the Jones matrix thesisograms 

𝑅𝑒(𝑗11;12;21;22(𝑚 × 𝑛)) change as (
𝑍1;2 ↓;

𝑍3;4 ↑
). 

Notably, the most sensitive statistical parameters (table 1) 

to such transformations in the polycrystalline dendritic-spherulitic 

structure of the dehydrated bile film are the 3rd and 4th order 

statistical moments, which describe the skewness and kurtosis 

of the coordinate distributions of the real components of all partial 

elements 𝑅𝑒(𝑗11;12;21;22(𝑚 × 𝑛)) of the Jones matrix. 

4. Conclusions 

1. The study presents and analyzes the experimental verification 

of the proposed polarization-interference mapping 

method with digital reconstruction of complex amplitude 

distributions in phase-inhomogeneous object fields, as well 

as the algorithmic calculation of coordinate distributions 

of Jones matrix elements in a series of phase sections 

of dehydrated bile films. 

2. The typical scenarios of statistical transformations 

in the structure of Jones matrix images across successive 

layers of the polycrystalline component of dehydrated bile 

films have been identified and physically interpreted. 

3. A set of the most informative diagnostic indicators 

for detecting changes in the orientation-phase organization 

of polycrystalline networks in dehydrated biological fluid 

films has been determined – namely, the 3rd- and 4th-order 

statistical moments, reflecting the skewness and kurtosis 

of the coordinate distributions of Jones matrix elements. 

4. The maximum variation ranges of statistical indicators 

as the phase scanning step increases have been established, 

with values reaching a 5- to 8-fold change. 
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